The quantumness of correlations revealed in local measurements exceeds entanglement 
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We analyze a family of measures of general quantum correlations for composite systems, defined in terms of 
the bipartite entanglement necessarily created between systems and apparatuses during local measurements. For 
every entanglement monotone E, this operational correspondence provides a different measure Q^; of quantum 
correlations. Examples of such measures are the relative entropy of quantumness, the quantum deficit, and the 
negativity of quantumness. In general, we prove that any so defined quantum correlation measure is always 
greater than (or equal to) the corresponding entanglement between the subsystems, Qe > for arbitrary 
states of composite quantum systems. We analyze qualitatively and quantitatively the flow of correlations in 
iterated measurements, showing that general quantum correlations and entanglement can never decrease along 
von Neumann chains, and that genuine multipartite entanglement in the initial state of the observed system 
always gives rise to genuine multipartite entanglement among all subsystems and all measurement apparatuses 
at any level in the chain. Our results provide a comprehensive framework to understand and quantify general 
quantum correlations in multipartite states. 



PACS numbers: 03.65.Ta, 03.65.Ud, 03.67.Mn 

Introduction. — The quantum world differs from our familiar 
classical world in many, interrelated ways 1 1 1. Quantum laws 
forbid basic tasks such as cloning 1 2 1 yet enable certain infor- 
mation processing feats otherwise unfeasible with purely clas- 
sical resources |3|. In particular, quantum correlations differ 
from classical ones. Such a difference can assume the strik- 
ing traits of entanglement [4--6J and non-locality [7], or the 
subtler features of quantum discord O. The latter captures a 
more general signature of non-classicality of correlations (be- 
ing present also in almost all unentangled states [9 1) that stems 
from the non-commutativity of quantum observables, and can 
be revealed in local measurements; its characterization and 
applications have recently attracted much attention ifTOlfTTIl . 
Discord or, in general, quantum correlations different from 
entanglement have been linked to the advantage, over classi- 
cal scenarios, of quantum algorithms for communication 1 12], 
information locking |[T3l , metrology |[T4l . and especially com- 
putation in the presence of noise (15]. 

Clarifying the relation between "classical" and "quantum" 
is of paramount importance from the practical point of view 
of information processing, as a better understanding of all 
genuinely quantum effects can only lead to them being more 
efficiently exploited. Nonetheless, another more fundamen- 
tal reason to study the non-classicality of correlations is that 
we do not fully understand the quantum-to-classical transi- 
tion [|17i ; it is not clear how and at which scale quantum me- 
chanics actually leads to an everyday world where (macro- 
scopic) objects appear to be "here" or "there", but not "here 
and there" as instead allowed by the superposition principle. 
This issue of the emergence of the classical from the quantum 
is intimately related to the "measurement problem" which has 
puzzled physicists, mathematicians and philosophers since the 
birth of quantum mechanics a century ago. A potential solu- 
tion of the measurement problem is in terms of decoherence, 
that is in terms of correlations established with an "environ- 
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FIG. 1 : (Color online) Graphical depiction of a von Neumann chain. 



ment" on which the "observer" has little or no control (for a 
review on this topic, see 1 17|). At the same time, it is ex- 
actly through the establishment of correlations between the 
observed quantum system and a measurement apparatus — and 
finally the observer — that we can describe the measurement to 
take place. In this respect, the measurement problem becomes 
that of finding how the "quantum information" contained in a 
quantum system becomes correlated to the "classical infor- 
mation" in the mind of the observer. In analyzing such an is- 
sue, von Neumann 1 18] considered what later became known 
as "von Neumann chain": a sequence of interacting physical 
systems, starting with the quantum system to be measured and 
ending with the observer (see Fig.[T]). 

In this paper we provide quantitative constraints regulat- 
ing the establishment of quantum correlations with appara- 
tuses during a measurement process, and their flow along von 
Neumann chains. Combining and extending the approaches 
recently put forward in Refs. |T9l|20]|, we quantify the quan- 
tum correlations Q e between subsystems Sk of a composite 
quantum system S, in terms of the minimum entanglement E 
generated between the whole system S and a generally com- 
posed measurement apparatus M which is probing a subset 
of the subsystems of S locally — that is, a local independent 
measurement on each probed Sk is performed through an in- 
teraction with a local apparatus that is part of M. Here 
we show, for any entanglement measure E, that according to 
such a mapping the key inequality Qe{p) > ^{p) holds for 
all quantum states p. This proves that measurement processes 



2 



provide a natural and insightful framework for the study of 
the non-classicality of correlations: for every chosen entan- 
glement monotone E, one obtains a different, operational 
measure Qe of general quantum correlations, which incor- 
porates and generally exceeds the entanglement (measured by 
E) between the subsystems of arbitrary quantum states. Based 
on these results, that definitely elucidate the (so far unclear 
IHllTl I) interplay between entanglement and general quantum 
correlations in composite systems, we further show that quan- 
tum correlations and entanglement can never decrease along 
von Neumann chains, and that all the links of the chain ex- 
hibit genuine multipartite entanglement if and only if the sub- 
systems are genuinely (multipartite) entangled — and not just 
quantumly correlated — in the initial state of the system S. 

Preliminaries. — We begin by setting our notation and re- 
calling a number of definitions. Let S be a quantum sys- 
tem partitioned into n (finite-dimensional) subsystems and 
let = {1,2, ...,n}; we denote by 5/ = {Sk\k e /}, 
with I C U, 3. subset of the n subsystems S*!, 5*2, . . . , 5'n of 
8 = 5'^^. We denote by U\I the complement of set / within 
U. With respect to the notion of classicality of correlations, 
we adopt the following definition (see also 1221 ). 

Definition 1 (Classically correlated states). A state ps^^ is 
''classically correlated (CC) with respect to local measure- 
ments on subsystems Sj or, in other words, ''classical on 
subsystems Sj or, in short-hand notation, ps^^ is "I-CC if 
there exists a choice of local complete von Neumann measure- 
ments on each subsystem Sk, k ^ I such that ps^^ is left in- 
variant under such measurements. Equivalently, ps^ is I-CC 
if there exists a choice of a local orthonormal basis {l^)^^} 
for each Sk, k G I, such that 

PSu = h^){ik^\s^^^\ik2){^k2\s^^ (1) 

with P^Su\i ^^^ormalized states of the other subsystems Si(\j. 

The above definition provides a finer graining between 
the conventional categories of strictly classically correlated 
(i.e., U-CC) and genuinely quantumly correlated (i.e., 0-CC) 
states, including all possible intermediate types of so-called 
classical-quantum states |23|. 

A complete von Neumann measurement in a basis {l^)^^} 
can be realized on a subsystem Sk by letting Sk interact with 
a measurement apparatus M^. Assuming is initially in 
some fixed but otherwise arbitrary initial pure state |0)Mfc , and 
that Sk and interact through a unitary Us^Mk^ one finds 
that the latter must be of the type 



(2) 



up to a local unitary on M^, if we impose that 
the interaction realizes the projective measurement, 
that is, TiMkiUskMkPSk 
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FIG. 2: (Color online) Construction of the pre-measurement state 
psuMj [Eq. 0], for S = Su = {^i, ^s, / = 
{1, 3}, Mi = {Ml, Ms}, and Us^m^ of the form ^. 



Y.i\^){^\skPSk\^){i\sk^ for all states ps^ of Sk. 
state 



The 



PSkMk = UskMkPSk ^ \^){^\MkUl^Mk ' 

before tracing out the apparatus, is sometimes called the pre- 
measurement state ifTTl . The notion is trivially generalized to 
the case where local projective measurements are performed 
on any subset I oiU: in such a case we will refer to a pre- 
measurement state pSuMi of the whole system plus the set 
of apparatuses coupled to subsystems Si (see Fig. [2]). Such 
a pre-measurement state depends of course on the choice of 
local bases in which the local measurements take place. By 
considering the entanglement properties of pSuMi across the 
5'^^ : Mi bipartition we can formulate the following theorem, 
straightforwardly generalizing Refs. |[T9l[2Ql : 

Tiieorem 1. A state ps^ is I-CC if and only if there exist a set 
of local complete von Neumann measurements on subsystems 
Si such that the pre-measurement state pSuMi is unentangled 
across Su - Mi. 

Theorem [T] provides a clear operational interpretation of I- 
CC states as the only states which do not necessarily give rise 
to the creation of entanglement with a set of apparatuses dur- 
ing local pre-measurements of the subsystems Si. When, on 
the other hand, such entanglement is necessarily created, its 
minimum amount (measured by any chosen monotone E), 
where the minimization is over the choice of the local mea- 
surements, can be regarded as a measure of quantum correla- 
tions Q^; in the original state of the system (191 EOl. We 
can thus formulate the following quantitative definition for a 
general family of measures of quantum correlations. 

Definition 2 (Quantumness of correlations). The measure 
Qe of quantumness of correlations — or, simply, quantum 
correlations — among all the subsystems of the system Su in 
the state ps^, revealed by local measurements on the (sub- 
set of) subsystems Si, and corresponding to the entanglement 
measure E, is defined by 



Qf\psu)'--- 



rr,•^™^V, ^Su:Mj{pSuMi) . (4) 



where the minimum runs over all choices of local bases 
(equivalently, local complete von Neumann measurements) 
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for subsystems Sj, and the bipartite entanglement measure 
E is calculated between the systems Su and Mj in the pre- 
measurement state pSuMj [Eq. which depends implicitly 
on the local bases choice. 

According to Definition [2j for a bipartite system S = Sab 
in = 2^ Si = A, 5*2 = B), if E is chosen to be, e.g., the 
distillable entanglement Ed El EH, then Q^^d^ amounts to 
the (two-way) relative entropy of quantumness (201 EH and 
Q^Ed ai^ou^ts to the one-way information deficit [W, ^|. 
Other instances of measures falling in the category of Defi- 
nition[2]are, e.g., the so-called negativity of quantumness 1201 
(also known as minimum entanglement potential 11271 ) which 
corresponds to picking E to be the negativity M |[6|, and the 
geometric measure of quantumness |28|. All the mentioned 
measures, among all, have been independently proposed in 
different contexts (ranging from thermodynamics to geomet- 
ric approaches) and have well understood definitions that cap- 
ture various, intertwined features of non-classical correlations 
in composite systems. Our framework, which builds on and 
generalizes the ideas of CHlJOl, provides universal and physi- 
cally justified operational interpretations to those and a whole 
lot of infinitely-many possible measures Qe (one class for 
each valid E |6|) in terms of the minimum entanglement E 
necessarily created during measurement processes. 

Main result. — We are now ready to state the main result of 
this paper, namely the ordering between entanglement and 
general quantum correlations in the state of an arbitrary quan- 
tum system Su- 

Theorem 2. All measures Qe of quantum correlations de- 
fined by Eq. ^ satisfy 

Qf\pSu) > Q^i'\pSu) > Es^:S,,APSu), (5) 

for all corresponding entanglement measures E, and all 
choices of K C J C I C U. In particular, in the bipartite 
case, one has 

QT\pab) > me^{Q^^\pAB), Q^e\pab)} 

>mm{Q^^\pAB),Q'-E\pAB)} (6) 

> Ea:b{PAb)' 

A proof of Theorem [2] is provided in the Appendix. The 
theorem is valid for all choices of E as it relies only on the 
basic monotonicity property 

E(p) >E(Alocc[p]), (7) 

satisfied by any entanglement measure by definition (6\, for 
all states p and all transformations Alocc that can be realized 
by Local Operations and Classical Communication (LOCC). 

The leftmost inequality in ^ tells us that the more sub- 
systems are measured, the more quantum correlations are re- 
vealed in the state; this generalizes to arbitrary measures Qe 
the few known dominance relations involving, e.g., two-way 
versus one-way discord [29 J . The rightmost inequality tells 



us, crucially, that according to the framework of Definition |2j 
Q E and E always obey a precise ordering relation, with the 
latter (however quantified), if present, accounting only for a 
fraction of the more general quantum correlations (compat- 
ibly defined) in arbitrary quantum states. In particular, it is 
straightforward to check that, thanks to the Schmidt decom- 
position, the inequalities of ^ are saturated for pure states of 
the system, returning that entanglement and quantum corre- 
lations in general coalesce into a unique signature in absence 
of global mixedness |8|. For generally mixed states, Eq. ^ 
puts the present approach to investigating non-classicality of 
correlations on firm physical grounds: quantum correlations 
truly go beyond entanglement, in a clear quantitative sense. 

The rightmost sides of Eqs. ([Sj and ^ involve bipartite en- 
tanglement E, but we can also extend the ordering we have es- 
tablished to the multipartite case. For example, one can define 
two quite natural measures of (global) multipartite entangle- 
ment starting from any bipartite entanglement monotone E: 

min(max)|pQ,P^}E5po:5p, {psj^ where 
the minimization (maximization) is taken over all non-trivial 
partitions of U, that is, Pq H Pi = 0, Pq U Pi = U. The 
two multipartite measures inherit the LOCC monotonicity ^ 
from the bipartite measure E, and both coincide with the lat- 
ter in the bipartite case. Then, from ([5]) it follows for instance 

thatg(f")(/,sj > ^max(p5„) > ^mi„(p5„). 

Flow of quantum correlations and the von Neumann chain. — 
We now move to characterizing the spreading of entanglement 
among systems and measurement apparatuses. We will refer 
to the following notion of genuine multipartite entanglement. 

Definition 3. A pure state \ip)su genuinely multipartite en- 
tangled if\il^)su 7^ I V^o ) S'pq I V^i ) Sp-^ for all non-trivial biparti- 
tions {Pq, Pi} ofU. A mixed state ps^ genuinely multipar- 
tite entangled if for any pure-state ensemble decomposition 

{pi, \il)i)su} (s^^h that psu Y.iP^i^ili^^Su) ^^^^^ 
least one genuine multipartite entangled state appearing with 
non-vanishing probability. 

We get the following result, whose proof is in Appendix. 

Theorem 3. The state ps^^ is genuinely multipartite entan- 
gled if and only if any pre -measurement state pSuMi^ for any 
I ^ U, is genuinely multipartite entangled, with multipartite 
entanglement shared among all subsystems of Su U M/. 

All the above results can be used to analyze qualitatively 
and quantitatively a von Neumann chain whose links are given 
by a sequence of measurement apparatuses (see Fig.[T]). That 
is, suppose that a measurement apparatus Mi, initially in 
a pure state, is used to probe a single system 6* in a state 
ps- The measurement is performed by letting S and Mi 
interact as in Eq. ([2]), leading to a pre-measurement state 
PsMi- Using the same tools of |[T9l[20]|, it is easy to check 
that psMx is S : Mi entangled if and only if the mea- 
surement is not performed in the eigenbasis of ps. We 
can now consider another link in the von Neumann chain, 
given by another apparatus M2 brought in to realize a com- 
plete projective measurement on Mi. We thus obtain a 
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global pre-measurement state p'sm^M2- Theorem [2] and Def- 
inition [i] imply Q^^'^p'^^^^ J > EsMr.uAP'sM.M^) > 
Q^E^\pSM^) > E{S : Mi)p^^^. This argument can be 
reiterated for the next links in the chain, so that we find 
Es:Mi < EsMi:M2 < ••• < ^5 Mi M2... : 1 , whcrc bi- 
partite entanglement is calculated for larger and larger systems 
(that is, longer and longer chains, last link versus the rest). 
Similarly Q^^^ < - - < Q^""^ for the quantum correla- 
tions of the corresponding successive pre-measurement states 
of the chain. We thus conclude that bipartite entanglement 
and quantum correlations never decrease along von Neumann 
chains. Notice that it follows also that, when we consider the 
complete chain and break it at any level, namely investigating 
the bipartition {SMi ...Mj) : (M^+i ... M^), the entangle- 
ment and the corresponding quantum correlations across this 
(global) bipartition are both nondecreasing functions of j. In- 
deed, successive measurement steps correspond to a local op- 
eration (actually, a local isometry) with respect to the fixed 
bipartition at the level j. 

These considerations are readily generalized to the case of 
S being a composite system. Let us focus for simplicity on 
the bipartite case, with B being measured by Mi , which is in 
turn being measured by M2 and so on. We have then 

Ea:b{PAb) < Qe (PAb) ^ EaB:Mi{PABMi) 

< Q^^^\pABMi) < EaBMi:M2{PaBMiM2) 

^ Qe ^^(PabmiMs) ^ • • • • 

The first step of the chain is the most important one, where 
the nature of correlations in the initial state of pab of the 
system plays a crucial role. If such a state is B-CC (i.e., 

( B) 

Qe (pab) = Ea:b{pab) = 0), then there exists a local von 
Neumann measurement on B such that the pre-measurement 
state pABMi contains no entanglement and no quantum cor- 
relations between the system and the involved apparatus 1 19 |. 
If the initial state of the system is unentangled but quantumly 
correlated |30| {Q^e\pab) > 0, Ea:b{pab) = 0), then dur- 
ing the pre-measurement the initial intra-system quantum cor- 

( B) 

relations Q^^ ^ {pab) are transformed (and possibly amplified) 

into quantum correlations Q^^^\pabMi) > Q^e\pab) be- 
tween the composite system and the apparatus, and corre- 
spondingly an amount of entanglement Eab-.mApabMi) > 

{ B^ 

Qe \Pab) is also created across the AB : Mi bipartition. 
Finally, according to Theorem [Sl iff the initial state of the 

(B^ — 

system is entangled (Q^; (pab) > Ea:b{pab) > 0), then 
genuine multipartite entanglement is established between the 
two subsystems and the apparatus, and keeps being genuinely 
shared with all the subsequent apparatuses as well. Notice 
that after the initial step, the amount of bipartite entanglement 
between the latest apparatus and the rest of the chain can actu- 
ally stay constant (Eab-.Mi = . • . = EABMiM2...Mr^:Mr,+i) if 
every apparatus realizes an optimal — in the sense of Eq. ^ — 
local measurement. This is seen by noticing that the AB : Mi 
entanglement in pabMi = Y.ij K)0'U ^ Pb ^ K)0'Imi 



is trivially the same as the ABMi : M2 entanglement in 

Pabm,M2 = K)0'U ^ Pb ® K)01mi ® K)01m2, the 
latter state being obtained by letting Mi and M2 interact as in 
Eq. 

A more realistic model of the measurement process would 
involve the system S, a number of apparatuses M, and a large 
set of uncontrollable degrees of freedom — the environment 
E — that act by randomly measuring the subsystems and/or 
the apparatuses 1 16 |. While we can have a fine control on the 
measurement apparatuses, tuning them to realize minimally- 
disturbing von Neumann measurements on the objects to be 
observed, the non-tailored action of the environment results 
in it getting strongly quantumly correlated with the accessi- 
ble degrees of freedom through bipartite and genuine multi- 
partite entanglement (subject to stringent "monogamy" con- 
straints 1 31 1), according to the mechanisms elucidated above. 
After tracing over the unaccessible environmental degrees of 
freedom, the observed systems and the measurement appara- 
tuses are thus typically left in classically correlated "pointer 
states". This is the essence of decoherence by environmental- 
induced selection ifTTl , and our findings allow us in principle 
to get a quantitative grip on the nature and measure of (quan- 
tum) correlations during the process. A detailed study of this 
mechanism requires further investigation, possibly consider- 
ing also the case of "fuzzy measurements" in which the mea- 
surement apparatuses are themselves noisy, i.e., initialized in 
mixed rather than pure states ll32ll : in that case, it will be inter- 
esting to analyze the role of classical correlations as well as 
their interplay with entanglement and general quantum ones. 

Conclusions. — The results presented in this Letter provide 
physical justification and demonstrate the insightfulness of 
the operational approach put forward in |29l |20l to address 
quantitatively the general quantum correlations in a compos- 
ite system in terms of the entanglement necessarily created 
between the system and measurement apparatuses during lo- 
cal measurements. In this Letter, we proved the key result 
that, within such a framework, quantum correlations are never 
smaller than entanglement, going thus beyond it in general. 
This holds for any entanglement monotone and any corre- 
spondingly defined measure of quantum correlations. We pro- 
vided quantitative and qualitative results on the presence and 
spreading of entanglement and quantum correlations along 
von Neumann chains. We hope that, motivated by our find- 
ings, coordinated efforts will lead soon to a comprehensive 
mathematical resource theory of general quantum correlations 
and to novel demonstrations of their power for noise-resilient 
quantum technologies llTll . 
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Appendix: Proofs 
Proof of TheoremUl 

For the sake of clarity, let us consider the bipartite case, 
with a local measurement applied only to A through an ap- 
paratus M. The initial bipartite state of the system can be 
expanded as 

PAB = '^\i){j\A^ Pb^ 

where {\i)} is the basis in which A is measured. The pre- 
measurement state is then 

PAMB = l^)0'U ^ \^){j\M^ Pb • 

The key observation is that there is a simple LOCC transfor- 
mation Alocc (with respect to the the AB : M bipartite cut) 
such that Alocc [pam b] = Pm b , where pm b is the same state 
as pab but now shared between M and B. Due to ^ we have 

E{AB : M)p^^^ > Em:b{pmb) = Ea:b{pab) • 

It remains to exhibit the operation Alocc on pamb, which 
can be constructed as follows. A Fourier transform \i) 
1/^ Efc e^^^^^/^|/c), with d the dimension of A (and of M) 
is first applied to A, transforming the pre-measurement state 
into 

J E E ® \i){j\M ® 4 ■ 

k,l i,j 

Then subsystem A is measured in the {\k)} basis, and depend- 
ing on the result a unitary Uk = e~^^"^/^|z)(i| is applied 
to M, obtaining 

PMB = \^){j\M^pB ' 

The proof can be straightforwardly generalized to the mul- 
tipartite case. Given a pre-measurement state psuMj there are 
Sk ' Mk LOCC transformations that "undo" the measurement 
interaction between Sk and M/^, for any k e I. Indeed, it is 
possible to act via LOCC to choose between the following two 
options: (i) to really just undo the measurement interaction on 
Sk (as if no apparatus Mk had been introduced at all) or (ii) to 
transfer coherently the quantum information contained orig- 
inally in Sk into Mk. Option (i) justifies the first inequality 
in Eq. ([5j; option (ii) justifies the second one, as for any sys- 
tem Sk interacting with its measuring apparatus (i.e., k e I, 
or /c G J in Eq. ([5])) we can choose to have its information 
content transferred to M^, on the other side of the Su : Mj 
splitting. The latter possibility means that we can go from 
the the pre-measurement state pSu-Mi to PSu\k-Mk^ for all 
K C 1. The latter state is the same as the original , only 
with the information contained in the systems Sk transferred 
to the apparatuses Mk- □ 



Proof of Theorem |3] 

To prove the theorem we can restrict to measurements on 
just one subsystem, say Sn, since we are considering multi- 
partite entanglement between all subsystems and apparatuses, 
and we can analyze the measurement on each Sk separately. 
Following 1331 , we observe that pure-state decompositions for 
psi^ and pSuMr, one-to-one correspondence, as the ini- 

tial state of Mn is pure (for each IV^)^^ we obtain a pure 
state \i^)suMr, Us^MMsu\^)Mr,^ and for each \i^)suMr, 
there must be a state \i^)su such that Ul \il))suMr^ = 
\i^)su\^)Mr,)- One direction is then trivial: if ps^^ is not gen- 
uine multipartite entangled, psuMr, is not genuine multipar- 
tite entangled either. Indeed, the measurement interaction will 
map a state | ipo ) \ V^i ) Sp^ , for {Pq , Pi } a partition of U, into 
a state |V^o)s'pq IV^i)^^^ ^ with {Pq, Pi} a new partition includ- 
ing Mn in ^p^, if we assume, without loss of generality, that 
Sn ^ Pi- We now prove also that if psuMr, is not genuine 
multipartite entangled, then ps^ was not either. 

Let us consider a pure state \i^)suM,, = \i^o) s pji^i) s in 

the decomposition of psuMr,- If both Sn and Mn are in Pi, 
then undoing the measurement interaction we obtain a state 
\i^o)spJ^i)sp^- Suppose instead 5'n G Pq, G A- Im- 
posing 

namely imposing in particular that Tr^^ {\4^){i^\suMr^) is 
pure, we find that Sn must be initially unentangled from the 
other subsystems and actually in an eigenstate of the measure- 
ment performed by Us^Mr,- ^ 
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